Let σ = {σ i |i ∈ I} be some partition of the set of all primes P. A set H of subgroups of G is said to be a complete Hall σ-set of G if every member = 1 of H is a Hall σ i -subgroup of G, for some i ∈ I, and H contains exact one Hall σ i -subgroup of G for every σ i ∈ σ(G). A subgroup H of G is said to be: σ-permutable or σ-quasinormal in G if G possesses a complete Hall σ-set set H such that HA x = A x H for all A ∈ H and x ∈ G: σ-subnormal in G if there is a subgroup chain
Introduction
Throughout this paper, all groups are finite and G always denotes a finite group. Moreover, P is the set of all primes, π ⊆ P and π ′ = P \ π. If n is an integer, the symbol π(n) denotes the set of all If G is soluble, the parameters m σ (G) and m σq (G) make possible to bound the σ-nilpotent length l σ (G), the rank r(G) and the number |π(G)| of all distinct primes dividing |G|.
Recall that the rank r(G) of a soluble group G is the maximal integer k such that G has a chief factor of order p k for some prime p (see [12, p. 685] ). Theorem 1.2. Suppose that G is σ-soluble and let H be a complete Hall σ-set of G. Then the following statements hold.
(i) If G is soluble but it is not σ-nilpotent and r(H) ≤ r ∈ N for all H ∈ H, then r(G) ≤ m σq (G) + r − 2.
(ii) l σ (G) ≤ m σ (G).
(iii) If G is soluble but it is not σ-nilpotent, then |π(G)| ≤ m σ (G). Now, let's consider some applications of Theorems 1.2.
The relationship between n-maximal subgroups (where n > 1) of a group G and the structure of G was studied by many authors (see, in particular, the recent papers [13, 14, 15, 16, 17, 18, 19, 20] and Chapter 4 in the book [11] ). One of the first results in this direction were obtained by Huppert [21] . In fact, Huppert proved [21] that: if every 2-maximal subgroup of G is normal in G, then G is supersoluble; if every 3-maximal subgroup of G is normal in G, then G is soluble of rank r(G) at most two. The first of these two results was generalized by Agrawal [22] : If every 2-maximal subgroup L 3 of G is S-quasinormal in G, then G is supersoluble. In the universe of all soluble groups the both Huppert's observations and some similar results in [23] are special cases of the following general result (Mann [24] ): If G is soluble and every n-maximal subgroup L of G (n > 1) is quasinormal (that is, L permutes with all subgroups of G), then r(G) ≤ n − 1.
In the case σ = {{2}, {3}, . . .} we get from Theorem 1.2(i) the following generalization of the last of these results. Corollary 1.3. Suppose that G is soluble and each n-maximal subgroup of G (n > 1) is Squasinormal in G. Then r(G) ≤ n − 1.
The following theorem allows us to obtain the above mentioned result of Agrawal. (ii) If 1 < m σ (G) ≤ 3, then G is soluble.
Corolary 1.5 (Spencer [25] ). If in every maximal chain M 3 < M 2 < M 1 < M 0 = G of G of length 3, one of M 3 , M 2 and M 1 is subnormal in G, then G is soluble. Corollary 1.6 (Mann [24] ). If every 3-maximal subgroup of G is subnormal in G, then G is soluble.
Recall that G is called a Schmidt group if G is not nilpotent but every proper subgroup of G is nilpotent.
Corollary 1.7. The equality m σ (G) = 2 is true if and only if G is a Schmidt group G with abelian Sylow subgroups such that |σ(G)| = |π(G)|.
Corollary 1.8. The equality m σq (G) = 2 is true if and only if G is a supersoluble group with m σ (G) = 2.
From Corollaries 1.8 and Theorem 1.4, we get Corollary 1.9 (see Agrawal [22] or Theorem 6.5 in [26, Ch.1])). If every 2-maximal subgroup of G is S-quasinormal in G, then G is supersoluble. Moreover, if |π(G)| > 2, then G is nilpotent.
From Theorem 1.2(iii) we know that for every soluble but non-σ-nilpotent group G we have |π(G)| ≤ m σ (G). In the case when |π(G)| = m σ (G) the structure of such a group G can be described completely as follows. (i) G is a p-group for some prime p.
(ii) G = D ⋊ M , where D = G Nσ is an abelian Hall subgroup of G, and the following hold:
(a) Every non-σ-subnormal Sylow subgroup P 1 of G is cyclic and the maximal subgroup of P 1 is σ-subnormal in G. Moreover, if P 1 , . . . , P n is a Sylow basis of G, then P 2 , . . . , P n are elementary abelian and and P 1 forms an irreducible pairs with all such subgroups; if {H 1 , . . . , H t } is a complete Hall σ-set of G, P 1 ≤ H 1 and P 1 is not of prime order, then H 2 , . . . , H t are normal in G.
(b) Some Sylow subgroup of M is not σ-subnormal in G. Hence M acts irreducibly on every Sylow subgroup of D.
(c) If G possesses at least two non-σ-subnormal non-isomorphic Sylow subgroups, then all non-σ-subnormal Sylow subgroups are of prime order.
(d) If P is a non-σ-subnormal Sylow subgroup of G, P is a σ i -group and V is the maximal subgroup of P , then |G :
In this theorem G Nσ denotes the σ-nilpotent residual of G, that is, the intersection of all normal subgroups N of G with σ-nilpotent quotient G/N .
In the case when σ = {{2}, {3}, . . .}, from Theorems 1.2 and 1.10 we get the following known result.
Corollary 1.11 (Mann [24] ). Suppose that G is a soluble group and each n-maximal subgroup of G is subnormal. If n ≤ |π(G)|, then G is either of the following type: (ii) H is a cyclic Hall subgroup, and |H| is either a prime power or square-free number.
(iii) (|N |, |H|) = 1.
(iv) If H p is a Sylow subgroup of H and N q is a Sylow subgroup of N , then H p induces in N q an irreducible automorphism group of order p or 1. In the latter case, |N q | =q.
Conversely, a group of type (a) or (b) has each n-maximal subgroup subnormal. Corollary 1.12 (Mann [24] ). Suppose that G is a soluble group and each n-maximal subgroup of G is subnormal. If n < |π(G)|, then G is nilpotent.
We prove Theorems 1.2, 1.4 and 1.10 in Sections 4, 5 and 6, respectively. But before them, as preparatory steps, we prove in Section 2 that the set of all σ-subnormal subgroups of G forms a sublattice of the lattice of all subgroups of G, and we collect in Section 3 some needed properties of σ-soluble and σ-nilpotent groups.
All unexplained notation and terminology are standard. The reader is referred to [27] , [5] and [11] if necessary.
The lattice L σ (G) of all σ-subnormal subgroups
It is not difficult to show that the intersection of any two σ-subnormal subgroups of G is also σ-subnormal in G (see Lemma 2.2(1)(2) below). It is well-known that any partially ordered set with 1 in which there is the greatest lower bound for each its non-empty subset is a lattice. Hence the set L σ (G) of all σ-subnormal subgroups of G is a lattice. In this section, we show that L σ (G) is a sublattice of the lattice of all subgroups of G.
We use S σ and N σ to denote the class of all σ-soluble groups and the class of all σ-nilpotent groups, respectively. Lemma 2.1 (See Lemma 2.5 in [1]). The class N σ is closed under taking direct products, homomorphic images and subgroups. Moreover, if H is a normal subgroup of G and
In what follows, Π is always supposed to be a non-empty subset of the set σ and Π ′ = σ \ Π. We say that: a natural number n is a Π-number if
We call the product of all normal σ-nilpotent subgroups of G the σ-Fitting subgroup of G and denote it by F σ (G).
Lemma 2.2. Let A, K and N be subgroups of G. Suppose that A is σ-subnormal in G and N is normal in G.
(
(8) Suppose that N is the product of some minimal normal subgroups of G and N is not σ-primary. Suppose also that G = AN , N is non-abelian and all composition factors of N are isomorphic. Then N ≤ N G (A).
Proof. Statements (1)-(5) follow from Lemma 2.6 in [1].
(6) By hypothesis, there is a chain
We can assume without loss of generality that M = G.
(7) Assume that this assertion is false and let G be a counterexample of minimal order. First we 
, a contradiction. Hence we have (8) . (9) Assume that this assertion is false and let G be a counterexample of minimal order. Then
Then the choice of G and Assertion (6) 
This contradiction shows that G/R = O/R is a σ i -group. Hence R is the unique minimal normal subgroup of G. Moreover, Lemma 2.1 implies that R Φ(G), so C G (R) ≤ R by [27, A, 15.2 ]. Now we show that A ⊆ R. First assume that R is σ-primary. Then R is a σ j -group for some σ j ∈ σ \ {σ i } and so O σ j (A) = A. Therefore R ≤ N G (A) by Assertion (5). Consequently, A ≤ C G (R) ≤ R. Now assume that R is not σ-primary. Then R is not abelian. Hence R is the product of some minimal normal subgroups of RA by [27, A, 4.13(c) ]. Hence R ≤ N RA (A) by Assertion (8) . Then AR = A × R and so also A ≤ C G (R) ≤ R. This contradiction completes the proof the fact
The lemma is proved.
be the upper σ-nilpotent series of G, that is, F 0σ (G) = 1 and
If n is the smallest integer such that F nσ (G) = G, then n coincides with the σ-nilpotent length of G.
We use N n σ to denote the class of all σ-soluble groups G such that l σ (G) ≤ n (n > 0). Lemma 2.3. The following holds:
(i) If a non-empty class F of groups is closed under taking direct products, homomorphic images and subgroups, then the class N σ F is also closed under taking direct products, homomorphic images and subgroups. Moreover, if
(ii) The class N n σ is closed under taking direct products, homomorphic images and subgroups.
(ii) In the case when n = 1, the assertion follows from Lemma 2.1. Now assume that n > 1 and the assertion is true for n − 1. It is not difficult to show that
Therefore this assertion is a corollary of (i).
Proposition 2.5. The set of all σ-subnormal subgroups A of G with l σ (A) ≤ n forms a sublattice of the lattice of all subgroups of G.
Proof. In view of Lemma 2.3, Proposition 2.4 and Statements (1) and (2) of Lemma 2.2, we need only to show that if A and B are σ-subnormal subgroups of G, then A, B is σ-subnormal in G.
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Assume that this is false and let G be a counterexample of minimal order. Then A = 1 = B and A, B = G. Let R be a minimal normal subgroup of G.
where AR/R and BR/R are σ-subnormal in G/R by Lemma 2.2(6), so the choice of G implies that
. This contradiction shows that we have (1).
Suppose that this is false. Then R is non-abelian, which implies that R is the product of some minimal normal subgroups of RA by [27, A, 4.
2(8), contrary to Claim (2). Hence we have (3).
Final contradiction. First we show that A and B are σ i -groups. Indeed, since R is a
But this contradicts the choice of G. The proposition is proved. 
Some properties of σ-soluble and σ-nilpotent groups
The direct calculations show that the following lemma is true Lemma 3.1. The class S σ is closed under taking direct products, homomorphic images and subgroups. Moreover, the extension of a σ-soluble group by a σ-soluble group is a σ-soluble group.
A subgroup H of G is said to be: a Hall Π-subgroup of G if |H| is Π-number and |G : H| is
Let A, B and R be subgroups of G. Then A is said to R-permute with B [28] if for some x ∈ R we have AB x = B x A.
The following proposition gives the basic properties of σ-soluble groups.
Proposition 3.2. Let G is σ-soluble. Then:
(iii) G has a σ-basis {H 1 , . . . , H t } such that for each i = j every Sylow subgroup of H i G-permutes with every Sylow subgroup of H j .
(iv) For any Π, G has a Hall Π-subgroup and every σ-Hall subgroup of G G-permutes with every Sylow subgroup of G.
(v) For any Π, G has a Hall Π-subgroup E, every Π-subgroup of G is contained in some conjugate of E and E G-permutes with every Sylow subgroup of G.
(ii) Let R be a minimal normal subgroup of G. Then R is a σ k -group, for some k. If R is not a Hall σ k -subgroup of G, then G/R is a σ-soluble group such that σ(G/R) = σ(G). Hence by induction, for every σ i ∈ σ(G/R), G/R has a maximal subgroup M/R such that |(G/R) : (M/R)| = |G : M | is a σ i -number. Now suppose that R is a Hall σ k -subgroup of G and let U be a complement to R in G. Then G has a maximal subgroup M such that |G : M | divides |R|, so it is a σ k -number. On the other hand, for every σ i = σ k , σ i ∈ σ(G/R) and so as above we get that G has a maximal subgroup M such that |G : M | is a σ i -number.
(iii), (iv), (v) See Theorems A and B in [9] . The proposition is proved.
Let H/K be a chief factor of G. Then we say that
The following lemma is well-known (see for example Lemma 3.29 in [29] ).
It is well-known that a nilpotent group can be characterized as the group in which each subgroup, or each Sylow subgroup, or each maximal subgroup is subnormal. The following result demonstrates that there is a quite similar relation between σ-nilpotency and σ-subnormality.
Proposition 3.4. Any two of the following conditions are equivalent:
(ii) Every chief factor of G is σ-central in G.
(iii) G has a complete Hall σ-set H such that every member of H is σ-subnormal in G.
Proof. Since (i) ⇒ (iii) and (iv) ⇒ (v) are clear, it is enough to prove the implications (i)
is σ-primary. Now applaying the Jordan-Hölder theorem [27, A, 3.2], we get that every chief factor of G is σ-central.
, either G has a unique minimal normal subgroup R or G has exactly two minimal normal subgroups R and N and the following hold: R and N are isomorphic non-abelian groups, First note that G is σ-soluble. Indeed, for any maximal subgroup M of G, G/M G is σ-primary and so G/M G is σ-soluble. But then G/Φ(G) is a subdirect product of some σ-soluble groups, which implies that G/Φ(G) is σ-soluble by Lemma 3.1. Hence G is σ-soluble. By Proposition 3.2, G has a a complete Hall σ-set H = {1, H 1 , . . . , H t }.
Let H = H i and R be a minimal normal subgroup of G. We show that H is normal in G. Assume that is false. By Lemma 2.2(6), the hypothesis holds for G/R, so HR/R is normal in G/R by the choice of G. Hence we can assume that R H, so R ∩ H = 1 since G is σ-soluble. If G has a minimal normal subgroup N = R, then as above we get that HN is normal in G and so
Therefore R is the unique minimal normal subgroup of G. Moreover, in view of Lemma 2.1, we have R Φ(G) since HR/R ≃ H is σ-nilpotent and HR is normal in G. Let M be a maximal subgroup of G such that G = RM . Then M G = 1. But M is σ-subnormal in G by hypothesis and G ≃ G/M G is σ-primary, which implies that G is a σ i -group, for some σ i ∈ σ. Therefore H = G. This contradiction shows that (v) ⇒ (i).
The proposition is proved.
We say that G is Π-closed if O Π (G) is a Hall Π-subgroup of G. Proof. Suppose that this lemma is false and let G be counterexample of minimal order. Let N be a minimal normal subgroup of G. Then the hypothesis holds for G/N , so G/N is Π-closed by the choice of G. Therefore N is not a Π-group. Moreover, N is the unique minimal normal subgroup of G and, by Lemma 3.5 
Since |G : A|, |G : B|, |G : C| are pairwise σ-coprime, there are at least two subgroups, say A and B, such that
But by hypothesis, A is Π-closed, hence A is a Π ′ -group. Similarly we get that B is a Π ′ -group and so G = AB is a Π ′ -group. But then G is Π-closed. This contradiction completes the proof of the lemma. . If G is a Schmidt group, then G = P ⋊ Q, where P = G N is a Sylow p-subgroup of G and Q = x is a cyclic Sylow q-subgroup of G. Moreover, x q ≤ Φ(G), P/Φ(P ) is a chief factor of G, P is of exponent p or exponent 4 (if P is a non-abelian 2-group) and Φ(P ) = 1 if P is abelian.
Proposition 3.8. Let G be a σ-soluble group. Suppose that G is not Π-closed but all proper subgroups of G are Π-closed. Then G is a Π ′ -closed Schmidt group.
Proof. Suppose that this proposition is false and let G be a counterexample of minimal order. Let R be a minimal normal subgroup of G and {H 1 , . . . , H t } a complete Hall σ-set of G. Without loss of generality we can assume that H i is a σ i -group for all i = 1, . . . , t. Without loss of generality we can assume that σ 2 ∈ Π. Then Π ∩ σ(G) = {σ 2 }. Suppose that R ≤ Φ(G). ThenḠ = G/R is a Π ′ -closed Schmidt group by Claim (2), soḠ =
This final contradiction completes the proof.
We say that G is σ-fiber if |σ(G)| = |π(G)|.
Corollary 3.9. Suppose that G is not σ-nilpotent but every proper subgroup of G is σ-nilpotent.
If G is σ-soluble, then G is a σ-fiber Schmidt group.
Proof. It is clear that G is σ-nilpotent if and only if G is Π-closed for all Π ⊆ σ. Hence, for some Π, G is not Π-closed. On the other hand, every proper subgroup of G is Π-closed. Hence G is a Schmidt group by Proposition 3.8 and clearly |σ(G)| = π(G)|.
Proof of Theorem 1.2
In this section, we need the following [1] ). Let H, K and R be subgroups of a σ-soluble group G. Suppose that H is σ-quasinormal in G and R is normal in G. Then:
(2) The subgroup HR/R is σ-quasinormal in G/R.
Lemma 4.2. The following statements hold: The lemma is proved.
The following properties of the rank of a soluble group are useful in our proof. (1) r(G/R) ≤ r(G) for all normal subgroups R of G (2) r(E) ≤ r(G) for all subgroups E of G (i) If each n-maximal subgroup of G is σ-subnormal and n > 1, then each (n − 1)-maximal subgroup is σ-nilpotent.
(ii) If each n-maximal subgroup of G is σ-subnormal, then each (n + 1)-maximal subgroup is σ-subnormal.
Proof. (i) Let H be an (n − 1)-maximal subgroup of G and K a maximal subgroup of H. Then K is an n-maximal subgroup of G, so it is σ-subnormal in G. Then, by Lemma 2.2(1), K is σ-subnormal in H. Therefore each maximal subgroup of H is σ-subnormal in H. It follows from Proposition 3.4 that H is σ-nilpotent.
(ii) Let L ≤ M ≤ G, where M is an n-maximal subgroup of G and L is a maximal subgroup of M . If n = 1, G is σ-nilpotent and so L is σ-subnormal in G by Proposition 3.4. On the other hand, in the case when n > 1 Statement (i) implies that each (n − 1)-maximal subgroup of G in σ-nilpotent. Then M is σ-nilpotent by Lemma 2.1, so L is σ-subnormal in G by Lemma 2.2(4).
Proof of Theorem 1.2. Suppose that this theorem is false and let G be a counterexample of minimal order. Let H = {1, H 1 , . . . , H t } be a complete Hall σ-set of G. Then t > 1.
(i) Suppose that this is false. Let R be a minimal normal subgroup of G and |R| = p m . Without loss of generality we can assume that R ≤ H 1 . Let n = m σq (G). Since G is not σ-nilpotent, some maximal subgroup M of G is not σ-subnormal in G by Proposition 3.4 and so M is not σ-quasinormal in G by Lemma 4.1(4). Thus n > 1.
(1) r(G/R) ≤ n + r − 2.
Assume that r(G/R) > n + r − 2. Note that {H 1 R/R, . . . , H t R/R} is a complete Hall σ-set of G/R and r(H i R/R) = r(H i /H i ∩ R) ≤ r(H i ) ≤ r for all i = 1, . . . , t by Lemma 4.3(1). Assume that G/R is σ-nilpotent. Then G/R = (H 1 R/R) × · · · × (H t R/R), so r(G/R) ≤ r ≤ n + r − 2 since n > 1 by Lemma 4.3(3) . This contradiction shows that G/R is not σ-nilpotent. Moreover, G/R is σ-soluble by Lemma 3.1. By Lemma 4.1(2)(3), m σq (G/R) ≤ m σq (G) = n. The Choice of G implies that r(G/R) ≤ m σq (G/R) + r − 2 ≤ n + r − 2, a contradiction. Hence we have (1).
(2) m > n + r − 2. Hence R is the only minimal normal subgroup of G.
First note that in view of the Jordan-Hölder theorem, Claim (1) and the choice of G we have m > n + r − 2. If G has a minimal normal subgroup N = R, then r(G/N ) ≤ n + r − 2 by Claim (1), so in view of the G-isomorphism R ≃ RN/N we get that m ≤ n + r − 2, a contradiction. Hence R is the only minimal normal subgroup of G.
It is enough to consider the case when M is a maximal subgroup of G. Assume that r(M ) > n + r − 2. Then M is not σ-nilpotent (see the proof of Claim (1)). Therefore n > 2 by Lemmas 4.1(1) and Proposition 3.4. Moreover, since G is σ-soluble, M possesses a complete Hall σ-set {M 1 , . . . , M t } such that M i = H i ∩ M for all i = 1, . . . , t by Lemma 3.2(v). Hence r(M i ) ≤ r(H i ) ≤ r for all i = 1, . . . , t by Lemma 4.3 (2) . Therefore, M satisfies the hypothesis, with n − 1 instead of n, by Lemmas 4.1(1) and so the choice of G implies that r(M ) ≤ n − 1 + r − 2 ≤ n + r − 2, a contradiction. Hence we have (3).
(4) R Φ(G).
Suppose that R ≤ Φ(G). Then for a minimal supplement H to C G (R) in G we have H ∩ R = 1 by Lemma 4.4, so RH = G and R is a minimal normal subgroup of RH. But Claim (3) implies that r(RH) ≤ n + r − 2 and so m ≤ n + r − 2, contrary to Claim (2). Hence we have (4).
Final contradiction for (i). Claim (4) implies that there is a maximal subgroup
where k < n. Then R is a k-maximal subgroup of G. Therefore every l-maximal subgroup of R is a (k + l)-maximal subgroup of G. Let R 0 be a minimal normal subgroup of H 1 contained in R with
by Lemma 4.1(5). Hence R 0 = R. Then m = a ≤ r and so m ≤ r + n − 2 since n > 1, contrary to
which implies that L = R, a contradiction also. Hence Assertion (i) is true.
(ii) Let n = m σ (G). Suppose that n > l σ (G). Then n > 1. Indeed, if n = 1, G is σ-nilpotent by Proposition 3.4 and so l σ (G) = 1 = m σ (G), a contradiction. The choice of G and Lemma 4. (iii) Suppose that m σ (G) < |π(G)|. Let P 1 , . . . , P n be a Sylow basis of G and H a complete Hall σ-set of G. Then for any i, i = 1 say, we have P 1 < P 1 P 2 < · · · < P 1 P 2 · · · P n = G, so P 1 is at least an (n − 1)-maximal subgroup of G. Therefore P 1 is σ-subnormal in G by Lemma 4.5(ii) since m σ (G) < |π(G)|. Hence every Sylow subgroup of G is σ-subnormal in G and so every member of H is σ-subnormal in G by Proposition 2.5. But then G is σ-nilpotent by Proposition 3.4, a contradiction.
The theorem is proved.
5 Proofs of Theorem 1.4 and Corollaries 1.7 and 1.8
Proof of Theorem 1.4. Let R be a minimal normal subgroup of G.
(i) Suppose that this assertion is false and let G be a counterexample of minimal order. First note that G/R is σ-soluble. Indeed, if R is a maximal subgroup or a 2-maximal subgroup of G, it is clear. Otherwise, the hypothesis holds for G/R by Lemma 2.2(6), so the choice of G implies that G/R is σ-soluble. Hence R is the unique minimal normal subgroup of G by Lemma 3.1 and R is not σ-primary. Hence R is not abelian.
Let p be any odd prime dividing |R| and R p a Sylow p-subgroup of R. The Frattini argument implies that there is a maximal subgroup
(1) D is not nilpotent. Hence D Φ(M ) and D is not a p-group.
This implies that R is p-nilpotent by Glauberman-Thompson's theorem on the normal p-complements. But then R is a p-group, a contradiction. Hence we have (1).
(2) R < G.
Suppose that R = G is a simple non-abelian group. Assume that some proper non-identity subgroup A of G is σ-subnormal in G. Then there is a subgroup chain
Without loss of generality, we can assume that M = A n−1 < G. Then M G = 1 since G = R is simple, so G ≃ G/1 is σ-primary, a contradiction. Hence every proper σ-subnormal subgroup of G is trivial.
Let P be a Sylow p-subgroup of G, where p is the smallest prime dividing |G|, and let L be a maximal subgroup of G containing P . Then, in view of [12, IV, 2.8], |P | > p. Let V be a maximal subgroup of P . If |V | = p, then P is abelian, so P < L by [12, IV, 7.4] . Hence there is a 3-maximal subgroup W of G such that V ≤ W . But then some proper non-identity subgroup of G is σ-subnormal in G by hypothesis, a contradiction. Therefore |V | > p, which again implies that some proper non-identity subgroup of G is σ-subnormal in G. This contradiction shows that we have (2) .
Let L < T < M , where L is a maximal subgroup of T and T is a maximal subgroup of M . Since M is not σ-subnormal in G, either L or T is σ-subnormal in G and so it is σ-subnormal in M by Lemma 2.2(1). Hence the hypothesis holds for M , so M is σ-soluble by the choice of G. In view of Claim (1), there is a maximal subgroup T of M such that M = DT . Then G = RM = R(DT ) = RT and so, in view of (2), T = 1. Assume that |T | is not a prime and let V be a maximal subgroup of T . Since M is not σ-subnormal in G, at least one of the subgroups T or V is σ-subnormal in G by hypothesis. Claim (3) implies that V and T are σ-soluble. Consider, for example, the case when V is σ-subnormal in G. Since V = 1 and V is σ-soluble, for some i we have
Final contradiction for (i). Since T is a maximal subgroup of M and it is cyclic, M is soluble and so |D| is a prime power, which contradicts (1). Hence Assertion (i) is true.
(ii) Suppose that this false. Then 2 ∈ π(G). Part (i) implies that G is σ-soluble. Let H = {H 1 , . . . , H t } be a σ-basis of G. Without loss of generality we can assume that H 1 is a σ 1 -group and 2 ∈ π(H 1 ). Then H 1 is not soluble, so |π(H 1 )| > 1. Let p ∈ π(H 1 ).
(1) t = 2 and H 2 is a Sylow subgroup of G. 3.2(v) , G has a Hall σ ′ 1 -subgroup E and E permutes with some Sylow p-subgroup P of G for each p ∈ π(H 1 ). It is clear that EP < G. We show that P E is soluble. In fact, if P E is σ-nilpotent, then P E = P × E, where 2 ∤ |E|, so P E is soluble. Now assume that P E is not σ-nilpotent. Then the hypothesis holds for P E, so P E is soluble by the choice of G. Hence P E has a Sylow basis P = {P, P 1 , . . . P n }. If t > 2 or H 2 is not a Sylow subgroup of G, then every member of P is at least 3-maximal subgroup of G. Hence every member of P is σ-subnormal in G by Lemma 4.5(ii) . This shows that every Sylow subgroup of G is σ-subnormal in G. Therefore all members of H are normal in G by Lemma 2.2(9), which implies that G is σ-nilpotent. This contradiction shows that we have (1).
By Proposition
Suppose that this is false. Since G is σ-soluble, R is σ-primary. Hence R ≤ H 2 . Let P be a Sylow p-subgroup of H 1 and P ≤ M , where M is a maximal subgroup of H 1 . Since H 1 is not soluble, P < M < H 1 < G by [12, IV, 7.4] . Therefore there is a 3-maximal subgroup W of G such that
Hence we can assume that R ≤ O σ 1 (G).
First suppose that R is a p-group for some prime p and let Q be a Sylow q-subgroup of H 1 , where q = p. By Proposition 3.2, there is x ∈ G such that H 2 Q x = Q x H 2 . Hence we have a subgroup chain H 2 < H 2 Q x < RH 2 Q x < G. It follows from Lemma 4.5(ii) that H 2 is σ-subnormal in G, so it is normal in G by Lemma 2.2(9). Now assume that R is not abelian. Then, for any odd prime p dividing |R|, the subgroup R is not p-nilpotent. Hence by Glauberman-Thompson's theorem on the normal p-complement, we have that P < N R (Z(J(P ))) < R, where P is a Sylow p-subgroup of R. Since (|R|, H 2 )) = 1, H 2 normalizes some Sylow p-subgroup of R, say P . Hence H 2 ≤ N G (Z(J(P ))). But then we have a chain Lemma 4.5(ii) . Consequently H 2 is normal in G by Lemma 2.2(9).
Final contradiction for (ii) . Let P be a Sylow p-subgroup of H 1 and V be a maximal subgroup of P . Since |π(|H 1 |)| > 1, V is σ-subnormal in G by Lemma 4.5(ii) . Suppose that P O σ 1 (G). Then P R and P is not σ-subnormal in G by Lemma 2.2(9), so P is cyclic by Proposition 2.5. Hence R ∩ P ≤ Φ(R), and so R is p-nilpotent by the Tate theorem [12, IV, 4.7] . But then R is a p-group or a p ′ -group. Assume that R is a p-group. Then G/R is not σ-nilpotent. Otherwise, H 1 /R ⊳ G/R. It follows from Claim (3) that G = H 1 × H 2 , which contradicts m σ (G) > 1. Hence G/R is not σ-nilpotent, and so 1 < m σ (G/R). But then G/R satisfies the hypothesis by Lemma 2.2(6). Hence G/R is soluble by induction. Consequently, G is soluble, a contradiction. Now assume that R is a p ′ -group. Then by the Frittini argument, P normalizes some Sylow q-subgroup Q of R, where q = p divides R. Hence we have a subgroup chain P < P Q < H 2 P Q < G, so P is σ-subnormal in G by Lemma 4.5(ii) . This shows that every Sylow subgroup of H 1 is σ-subnormal in G. It follows Lemma 2.2(9) that H 1 is σ-subnormal in G. Thus H 1 is normal in G by Lemma 2.2(9), so G = H 1 × H 2 is σ-nilpotent. It follows from Proposition 3.4 that m σ (G) = 1. This final contradiction completes the proof of (ii).
Proof of Corollary 1.7. The sufficiency is clear. We only need to prove the necessity. By Theorem 1.4, G is σ-soluble. Since m σq (G) = 2, G is not σ-nilpotent by Proposition 3.4. On the other hand, if M is a maximal subgroup of G, then every maximal subgroup of M is σ-subnormal in G and so it is σ-subnormal in M by Lemma 2.2(1). Therefore M is σ-nilpotent by Proposition 3.4. Hence G is a Schmidt group such that |π(G)| = |σ(G)| by Corollary 3.9. Then by Lemma 3.7, G = P ⋊ Q, where P = G N is a Sylow p-subgroup of G and Q = x is a cyclic Sylow q-subgroup of G. Moreover, P is of exponent p or exponent 4 (if P is a non-abelian 2-group) and P/Φ(P ) is a chief factor of G. If Φ(P ) = 1, then there exists a maximal subgroup M of G such that Q < M < G. By the hypothesis, Then Q is σ-subnormal in G by Lemma 4.5 (ii) . It follows from Lemma 2.2(9) that Q is normal in G. This contradiction shows that every Sylow subgroup of G is abelian.
Proof of Corollary 1.8. In view of Corollary 1.7 and Lemma 3.7, G = P ⋊Q is a Schmidt group with |π(G)| = |σ(G)|, where P is a minimal normal subgroup of G and Q is cyclic. Let |P | = p n and |Q| = q m . Suppose that n > 1. Then G has a 2-maximal subgroup L such that |G : L| = pq. By hypothesis L is σ-quasinormal in G, so it is, in fact, S-quasinormal in G and hence LQ = QL is a subgroup of G with G : LQ| = p. But then LQ ∩ P is normal in LQ and |P : (LQ ∩ P )| = p, so LQ ∩ P is normal in G and hence LQ ∩ P = 1 in view of the minimality of P . It follows that |P | = p, a contradiction. Hence |P | = p, so G is supersoluble. The corollary is proved.
6 Proof of Theorem 1.10 Lemma 6.1. Suppose that G is σ-soluble and let H = {H 1 , . . . , H t } be a σ-basis of G. If H i forms an irreducible pair with H j , then H j is an elementary abelian Sylow subgroup of G.
Proof. Without loss of generality we can assume that G = H i H j . By Proposition 3.2(iv), for each prime p dividing |H j |, there is a Sylow p-subgroup P of H j such that H i P = P H i . Hence G = H i P . Let R be a minimal normal subgroup of G. If R ≤ P , then the maximality of H i implies that R = P is elementary. On the other hand, if R ≤ H i , then H i /R is a maximal subgroup of G/R, and so P ≃ P R/R is elementary by induction.
The following lemma can be proved similarly to [27, I, Proposition 4.16].
Lemma 6.2. Suppose that G = 1 is σ-soluble and let L be a subgroup of G.
Lemma 6.3. Suppose that G is σ-soluble and let H = {H 1 , . . . , H n } be a σ-basis of G. If H 1 forms an irreducible pair with H x i for all i > 1 and x ∈ G such that H 1 H x i = H x i H 1 , then every subgroup K of G containing H 1 is a σ-Hall subgroup of G.
Proof. Suppose that this is false. Without loss of generality we can assume that H i is a σ i -group. Let K = {H 1 , K 2 , . . . , K r } be a σ-basis of K. By Lemma 6.2 , there is a σ-basis {H 1 , H
Thus K is a σ-Hall subgroup of G. Lemma 6.4. Suppose that G is σ-soluble and let K be a subgroup of G. If every subgroup of G containing K is a σ-Hall subgroup of G, then K is a k-maximal subgroup of G, where k = |σ(|G : K|)|, and K is not a r-maximal subgroup of G for all r > k.
Proof. Let {H 1 , . . . , H t } be a σ-basis of G. The assertion follows from the fact that in any
| is an order of some H i since both M i and M i+1 are σ-Hall subgroups of G. The lemma is proved.
Proof of Theorem 1.10. Let P 1 , . . . , P n be a Sylow basis of G and {H 1 , . . . , H t } a complete Hall σ-set of G We can assume without loss of generality that each P i is contained in some H j and P i is a p i -group.
Necessity. First note that if G is σ-nilpotent, then m σ (G) = |π(G)| = 1, and so G is a p-group for some prime p. Now we show, assuming that G is not σ-nilpotent, then G is a group of type (ii) .
Assume that this is false and let G be a counterexample of minimal order. Let R be a minimal normal subgroup of G. Without loss of generality we can assume that R ≤ H 1 and H k is a σ i k -group for all k = 1, . . . , t.
(1) If G/R is not σ-nilpotent, then G/R is a group of the type (ii) .
Suppose that G/R is not σ-nilpotent. We show that the hypothesis holds for G/R. Indeed, if R < P i , it is clear. We may, therefore, assume that R = P i . Then R has a complement M in G such that G = R ⋊ M . Since |π(M )| = n − 1, M satisfies the same assumptions as G, with n − 1 replacing n, by Lemma 2.2(1). The choice of G implies that G/R ≃ M is a group of the type (ii).
(2) If V i is a maximal subgroup of P i , then V i is σ-subnormal in G. Hence every non-σ-subnormal Sylow subgroup of G is cyclic.
Since P 1 , . . . , P n is a Sylow basis of G, V i is at m-maximal subgroup of G, where m > n. Hence V i is σ-subnormal in G by Lemma 4.5(ii) Therefore, if P i is not σ-subnormal in G, then it is cyclic by Proposition 2.5.
(3) If R is the only minimal normal subgroup of G, then each Sylow subgroup P i of H k has prime order and it is not σ-subnormal in G for all k > 1.
Indeed, let V be a maximal subgroup of P i . Then V is σ-subnormal in G by Claim (2). Hence 20 V ≤ O σ i k (G) by Lemma 2.2(9). But since R ≤ H 1 , we have that O σ i k (G) = 1 and so V = 1. Moreover, if P i is σ-subnormal, then P i ≤ O σ i k (G) = 1, a contradiction. Hence we have (3).
(4) For some i, i = 1 say, P i = P 1 is not σ-subnormal in G. Hence P 1 forms an irreducible pair with P i for all i > 1.
If P i is σ-subnormal in G for all i = 1, . . . , n, then H k is normal in G for all k = 1, . . . , t by Lemma 2.2(9) and Proposition 2.5, which means that G is σ-nilpotent. Hence the first assertion of (4) is true. Finally, note that if, for example, P 1 is not a maximal subgroup of P 1 P 2 , then the chain P 1 < P 1 P 2 < · · · < P 1 · · · P n = G can be refined to a maximal chain of G of length n, at least. Hence P 1 is σ-subnormal in G by Lemma 4.5(ii) . This contradiction shows that P 1 forms an irreducible pair with P i for all i > 1.
(5) The following assertions hold.
(a) P i is elementary abelian for all i > 1. Hence if G possesses at least two non-σ-subnormal nonisomorphic Sylow subgroups, then all non-σ-subnormal Sylow subgroups are of prime order (This follows from Lemma 6.1 and Claims (2) and (4)).
Suppose that for each r = k and for each Sylow subgroup P of G contained in M x , where P is a σ ir -group, we have [P, P i ] = 1. Then G/E ≃ P i M x is σ-nilpotent and so D ≤ E, a contradiction. Hence G has a Sylow subgroup P y j satisfying the following conditions: [P i , P y j ] = 1, P y j ≤ M x and P y j is a σ ir -group for some r = k.
Then P y j P i is σ-fiber and so P y j is not σ-subnormal by Lemma 2.2(5) since P y j ≤ N G (P i ) and [P i , P y j ] = 1. Now we show that P y j is of prime order. Assume that this is false. Then Claim (3) implies that R is a σ ir -group, so G has a minimal normal subgroup N = R by Claim (5)(b), a contradiction. Hence P y j is of prime order. Note that since P y j is not σ-subnormal, P y j forms an irreducible pair with R and P i by Claim (4). Then C R (P y j ) = 1 since C G (R) = R. Note also that C P i (P y j ) = 1. Indeed, since P y j forms an irreducible pair with P i and P y j ≤ C G (P y j ), we have either C P i (P y j ) = P i or C P i (P y j ) = 1. But the former case is impossible since [P i , P y j ] = 1, so C P i (P y j ) = 1. Let C = C G (P y j ) ∩ RP i . Suppose that C = 1. Then C = (R ∩ C)U = U ≤ P a i for some a ∈ R, so U × P y j ≤ (P i P y j ) b ≃ (P i P y j ) b for some b ∈ R since G is soluble. It follows that C = 1. 22
Consequently, P y j ∩ C G (RP i ) = 1. Hence RP i is nilpotent by the Thompson theorem [12, V, 8.14] . Thus P i ≤ C G (R) = R, a contradiction. Therefore we have (8) .
Claims (2)- (8) show that the necessity is true.
Sufficiency. If G is of the type (i), it is clear. Now let G be a group of the type (ii). Then G is not σ-nilpotent by (ii)(b) and Proposition 3.4. Hence |π(G)| ≤ m σ (G) by Theorem 1.2(iii). Let n = |π(G)|.
In order ro prove that m σ (G) ≤ |π(G)|, we only need to prove that that every n-maximal subgroup of G is σ-subnormal in G. Assume that this is false and let E be an n-maximal subgroup of G such that E is not σ-subnormal in G. Then some Sylow subgroup E 1 of E is not σ-subnormal in G by Proposition 2.5. We can assume that without loss of generality that E 1 ≤ P 1 . Then P 1 is not σ-subnormal in G by Lemma 2.2(4). If i > 1 and P 1 P x i = P x i P 1 , then P 1 and P x i are members of some Sylow basis of G [27, I, 4.16] . By the hypothesis, P 1 forms an irreducible pair with P x i , P 1 is cyclic and the maximal subgroup of P 1 is σ-subnormal in G. Hence E 1 = P 1 , so every subgroup of G containing E 1 is a Hall subgroup of G by Lemma 6.3. Then E is exactly a k-maximal subgroup of G, where k = |π(|G : E|)|, by Lemma 6.4. Hence k = n = |π(G)|. But then E = 1, so E is σ-subnormal in G. This contradiction completes the proof of the sufficiency.
Final remarks and some open questions

